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Abstract— A subset D ⊆ V (G) of a graph G = (V, E) is said to be dual connected neighborhood domination set of G if D is connected 
domination set of G and N (G). The dual connected neighborhood domination number is the minimum cardinality taken over all connected 
neighborhood dominating sets of G and is denoted by𝜸𝒅𝒄𝒏(𝑮). In this paper, 𝛾𝑑𝑐𝑛(𝐺) are obtained for some standard graphs. 

Index Terms— Connected domination number, Global domination number, Global neighborhood domination number. 

——————————      —————————— 

1 INTRODUCTION                                                                     

n this paper G = (V, E) a finite, simple, connected and undirected 
graph has p-vertices and q-edges. Terms not defined here are used 
in the sense of Harary [2]. 

The neighborhood graph N(G) of a graph G is the graph having the 
same vertex set as G with two vertices are adjacent in N(G) if and 
only if they have a common neighbor in G. This was introduced by 
R.C. Brigham and D. Dutton in [7].     

 Degree of a vertex v is denoted by d(v), the 
maximum(minimum)degree of a graph G is denoted by ∆(𝐺)(𝛿(𝐺)). 
A vertex v is said to be isolated vertex if  d(v) = 0. 

 A set D of vertices of a graph G = (V, E) is a dominating 
set of G if every vertex in V-D is adjacent to some vertex in D. The 
domination number  𝜸(𝑮) of G is the minimum cardinality of all 
dominating sets of G. This concept was introduced by Ore in [1]. 

The concept of connected domination number was 
introduced by E. Sampathkumar and Walikar in [3]. A set D ⊆ V(G) 
is said to be connected dominating set, if the induced subgraph <D> 
is connected. The connected domination number 𝜸𝒄(𝑮)  of a 
connected graph G is the minimum cardinality of a connected 
dominating set of G. 

  In [4], E.Sampathkumar introduced the concept of global 
domination number as follows: A set D ⊆ V(G) is said to be global 
dominating set, if D is a dominating set of G and 𝐺̅ .The global 
domination number 𝜸𝒈(𝑮) is the minimum cardinality of a global 
dominating set of G.  

A subset D of vertices of a graph G is called a global 
neighborhood dominating set ( gnd – set ) if D is a dominating set 
for both G and N(G), where N(G) is the neighborhood graph of G. 
The global neighborhood domination number (gnd - number) is the 
minimum cardinality of a global neighborhood dominating set of G 
and is denoted by γgn (G). This concept was introduced by S. V. Siva 
Rama Raju and I. H. Nagaraja Rao in [8]. 

In this paper, we introduced dual connected neighborhood 
domination by combining the concept of connected domination and 
global neighborhood domination for a connected graph. The 
characteristic was studied and the exact value of dual connected 

neighborhood domination was found for some standard graphs and 
bounds. The characteristics was studied and the exact. 

 

2. MAIN RESULTS 
 
 
 
 
2. MAIN RESULTS 
2.1. DUAL CONNECTED NEIGHBORHOOD 
DOMINATION NUMBER 
Definition 2.1.1 

A vertex set D ⊆ V(G) of a graph G = (V, E) is said to be 
dual connected neighborhood dominating set(dcnd-set) of G if D 
is connected domination set of G and dominating set of  N(G). The 
dual connected neighborhood domination number is the minimum 
cardinality taken over all dual connected neighborhood dominating 
sets of G and is denoted by 𝜸𝒅𝒄𝒏(𝑮). A dcnd-set of G with minimum 
cardinality is denoted by 𝛾𝑑𝑐𝑛 - set of G. 

         Throughout this chapter, we assume that G is connected. 

Example 2.1.1  
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For the graph G in figure, the vertex set D = {𝑣1, 𝑣5 R } is a 
γdcn-set and hence 𝛾𝑑𝑐𝑛(𝐺) = 2. 

2.2 BOUNDS AND RESULTS ON 𝜸𝒅𝒄𝒏(𝑮)   
 The following theorem gives the relation between 
domination, connected domination and global neighborhood 
domination for a graph G. 

Theorem: 2.2.1 

 For any graph G,  𝛾(𝐺) ≤ 𝛾𝑔𝑛(𝐺) ≤ γdcn(𝐺) 

Proof:  

 Since every global neighborhood dominating set is a 
dominating of G,  

   We have                         𝛾(𝐺) ≤ 𝛾𝑔𝑛(𝐺)                         …(1)  

 Also, every dual connected neighborhood dominating set is 
a global neighborhood dominating set of G and hence   

                                  𝛾𝑔𝑛(𝐺) ≤ γdcn(𝐺)   …(2) 

 From (1) & (2), the result follows.  

          For example the graph G in figure, the vertex set  D={𝑣1, 𝑣5} 
is a γdcn-set. So, 𝛾𝑑𝑐𝑛(𝐺) = 2. 
           Since <D> is global neighborhood,  𝛾𝑔𝑛(𝐺) = 2.   Therefore, 
we have  𝛾𝑔𝑛(𝐺) = 𝛾𝑑𝑐𝑛(𝐺). 

  The exact values of dual connected neighborhood 
domination number 𝛾𝑑𝑐𝑛(𝐺)  for some standard graphs are given 
below. 

Theorem: 2.2.2 

 For the complete graph Kn , γdcn(𝐾𝑛) = 2, n ≥ 2.  

Proof: 

Let G be the complete graph Kn with at least one vertex 
and 𝑉(𝐺) = {𝑣1,𝑣2, … , 𝑣𝑛} is a vertex set of G. Since N(G) is also a 
complete graph. Therefore, the 𝛾Rdcn - set = 2.  

Hence 𝛾Rdcn(G) =2.                                                                        

Theorem: 2.2.3 

For the wheel graph Wn, γRdcn (Wn) = 2, n ≥ 3. 
Proof:       
      Let G be a wheel graph Wn with at least 4 vertices and    
𝑉(𝐺) = {𝑢, 𝑣1,𝑣2, … ,𝑣𝑛}  be the vertex set of G. Therefore,│V 
(G)│= 2. 
 Since neighborhood of G is a complete. Hence, 𝛾R dcn 
(G) ≤│V(G)│= 2.  

Theorem: 2.2.4 

For the fan graph F1,n, γdcn�𝐹1,𝑛� = 2 ,for  n ≥ 2. 

Proof:  

Let G be a fan graph 𝐹1,𝑛 with atleast 3 vertices and V (G) 
= {𝑢, 𝑣1, 𝑣2, 𝑣3,….,𝑣𝑛} be the vertex set of G. 

Let 𝑢 ∈ 𝑉(𝐺) has the maximum degree in G and 𝑣𝑖 be any 
vertex adjacent to 𝑢  in G. Then the set 𝑆 = {𝑢,𝑣𝑖}  forms a dual 
connected neighborhood set of G.  

Hence                   γdcn(𝐺) ≤  |𝑆| = 2                                  …(1) 

Let S be the γdcn - set of G. Dual connected neighborhood 
dominating set in N(G) must contain  one maximum degree vertex in 
N(G). Hence the dual connected neighborhood set has at least 2 
vertices.    γdcn(𝐺) = |𝑆| ≥ 2                               … (2) 

Then, the result follows from (1) and (2). 

Theorem: 2.2.5 

 For the friendship graph, γdcn(𝐶3𝑚) = 2, for m ≥ 1. 

Proof:   

   Let G be a friendship graph with at least 3 vertices and V 
(G) = {𝑢,𝑣1, 𝑣2, 𝑣3,….,𝑣𝑛} be a vertex set of G.  

 Let 𝑢 ∈ 𝑉(𝐺) has the maximum degree in G, and 𝑣𝑖 be any 
vertex adjacent to 𝑢  in G. Then the set 𝑆 = {𝑢,𝑣𝑖}  forms a dual 
connected neighborhood set of G.  

Hence                        γdcn(𝐺) ≤  |𝑆| = 2                            …(1) 

Let S be the γdcn-set of G. Dual connected neighborhood 
dominating set in N (G) must contain one maximum degree vertex in 
N (G). 

 Hence the dual connected neighborhood set has at least 2 vertices. 

                   γdcn(𝐺) = |𝑆| ≥ 2                               … (2) 

Then, the result follows from (1) and (2).  

Theorem: 2.2.6 

For the prism graph C3ХPn, γdcn(𝐶3 × 𝑃𝑛) = 𝑛, for n ≥ 2. 

Proof:  

Let G be a prism graph with at least 6 vertices and V (G) = 
{𝑣1, 𝑣2, 𝑣3,….,𝑣3𝑛} be a vertex set of G.  The vertex set 𝑆 = {𝑃𝑖 , 𝑖 =
1,2 …𝑛} is a dual connected neighborhood set of G.  

Hence                        γdcn(𝐺) ≤  |𝑆| = 𝑛                            …(1) 

Let S be the γdcn-set of G. For the connected neighborhood 
domination of  N (G), S must contain adjacent vertices in N(G).        
γdcn(𝐺) = |𝑆| ≥ 𝑛                               … (2) 

Then, the result follows from (1) and (2).              
Theorem: 2.2.7 

For Corona graph Kn
+, γdcn(𝐾𝑛+) = 𝑛, for n ≥ 3. 

Proof:  

Let G be a corona graph with at least 6 vertices and V (G) = 
{𝑣1, 𝑣2, 𝑣3,….,𝑣2𝑛} be a vertex set of G.  The vertex set 𝑆 = {𝑣𝑖 , 𝑖 =
1,2 …𝑛} is a dual connected neighborhood set of G.  

Hence                        γdcn(𝐺) ≤  |𝑆| = 𝑛                            …(1) 

Let S be the γdcn-set of G. For the connected neighborhood 
domination of  N (G), S must contain adjacent vertices in N(G).         
γdcn(𝐺) = |𝑆| ≥ 𝑛                               … (2) 

 Then, the result follows from (1) and (2).                                               
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Theorem 2.2.8 

For the helm graph Wn
+, γRdcn(Wn

+) =  n + 1, n ≥ 3. 
Proof:        
      Let G be a helm graph with at least 6 vertices and V(G) = { 
u, v1, v2, …., vn, u1, u2, ….., un } is the vertex set of G.     
                                                           
      Let u  𝜖 V (G) such that d(u) = ∆(G) and the vertex set 
{𝑣𝑖 , 𝑖 = 1,2 … 𝑛} ∪{u} forms a dcndn - set in G. 
Hence,𝛾Rdcn (G) ≤│D│=  n + 1              …(1) 
 
      Let D be 𝛾Rdcn - set of G. Then D has a maximum degree 
vertex with its adjacent vertices in G.  

Hence,𝛾Rdcn(G) =│D│≥ 1+n  = n + 1                    …(2) 
 
      The result follows from (1) & (2).                                                             
Theorem: 2.2.9 

For Corona graph F1,n
+, γdcn�𝐹1,𝑛

+ � = 𝑛+1, for n ≥ 3. 

Proof:  

Let G be a corona graph with at least 6 vertices and V (G) = 
{𝑣1, 𝑣2, 𝑣3,….,𝑣2𝑛} be a vertex set of G.  

 The vertex set 𝑆 = {𝑣𝑖 , 𝑖 = 1,2 … 𝑛 + 1}  is a dual 
connected neighborhood set of G.  

Hence                        γdcn(𝐺) ≤  |𝑆| = 𝑛+1                            …(1) 

 Let S be the γdcn -set of G. For the connected 
neighborhood domination of  N (G), S must contain adjacent vertices 
in N(G).   γdcn(𝐺) = |𝑆| ≥ 𝑛 + 1                               … (2) 

Then, the result follows from (1) and (2).                                           
Theorem: 2.2.10 

For Corona graph C3
(m)+, γdcn�𝐶3

(𝑚)+� = 2𝑚 + 1, for m≥
 1. 

Proof:  

Let G be a corona graph with at least 6 vertices and V (G) = V(G) = 
{ u, v1, v2, …., v2m, u1, u2, ….., u2m+1 }be a vertex set of G.  

 The vertex set 𝑆 = {𝑣𝑖 , 𝑖 = 1,2 … 2𝑚}∪ {𝑢}  is a dual 
connected neighborhood set of G.  

Hence                        γdcn(𝐺) ≤  |𝑆| = 2𝑚 + 1                            
…(1) 

Let S be the γdcn-set of G. For the connected neighborhood 
domination of  N (G), S must contain adjacent vertices in N(G).           
γdcn(𝐺) = |𝑆| ≥ 2𝑚 + 1                               … (2) 

Then, the result follows from (1) and (2).  

Theorem: 2.2.11 

For the triangular snake graph mC3, γdcn(𝑚𝐶3) =

� 𝑚      ,𝑚 = 2
𝑚− 1,𝑚 ≥ 3. 

Proof:   

Let G be a triangular snake graph with at least 5 vertices and V(G) = 
{v1, v2, …., vm+1, u1, u2, ….., um }be a vertex set of G.  

 The vertex set 𝑆 = {𝑣𝑖 , 𝑖 = 2,3,4, … ,𝑚}  is a dual 
connected neighborhood set of G.  

Hence                        γdcn(𝐺) ≤  |𝑆| = 𝑚− 1                            …(1) 

 Let S be the γdcn -set of G. For the connected 
neighborhood domination of N (G), S must contain adjacent vertices 
in N(G).  γdcn(𝐺) = |𝑆| ≥ 𝑚 − 1                               … (2) 

Then, the result follows from (1) and (2).           

The following theorem gives bound for 𝛾𝑑𝑐𝑛(G). 

Theorem: 2.2.12  

 For any graph G, γdcn(𝐺) ≤ 2p - ∆(𝐺)  

Proof:  

 Let D be the dcnd-set of G. Since 〈𝐷〉 is connected and 
𝛾𝑐(𝐺) ≤  p - ∆(𝐺). 

 We have D has at most p - ∆(𝐺) vertices. 

 But D is also a connected neighborhood dominating set of  
N(G), We have D has atmost p vertices and hence   γdcn(𝐺) ≤ |𝐷| ≤ 
p - ∆(𝐺) + p = 2p - ∆(𝐺) 

              ⇒                  γcc���(𝐺) ≤ 2p - ∆(𝐺)   

Theorem 2.2.13 

 For any graph G,  γdcn(𝐺) ≤  p - ∆(𝐺) + 1 

Proof: 

Let D be the dcnd-set of G. Since 〈𝐷〉 is connected and 
𝛾𝑐(𝑇) ≤  p - ∆(𝐺). 

 We have D has at most p - ∆(𝐺) vertices. But D is also a 
dominating set of N (G), We have D has atleast one vertex. 

Hence   γdcn(𝐺) ≤ |𝐷| ≤ p - ∆(𝐺) + 1 = p - ∆(𝐺) + 1 

              ⇒                  γdcn(𝐺) ≤ p - ∆(𝐺) +1         

Theorem 2.2.14 
For any graph G ,  γRdcn(G) ≥ p – q +  δ(G). 

Proof: 
 Let D be a γRdcn-set of G. Then there exists a vertex u ∈ D 
adjacent only to vertices of D. Thus, 
q ≥ │𝑉 − 𝐷│  +  deg u    ≥ │𝑉 − 𝐷│  +  𝛿(G). 
 
Hence  the  result. 
 
Proposition 2.2.15 

1. If G is a graph then, γRdcn(G)  ≤  γ(G) + 1. 
2. If G is a graph then,  γRdcn(G) ≤  γc(G)     
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3. CONCLUSION 
 In this paper, we found the exact values of dual connected 
neighborhood domination number for complete graph, wheel graph, 
fan graph, prism graph, friendship graph, corona graph, triangular 
snake graph and some bounds. 
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